We prove two normality criteria for families of some functions concerning Lahiri's type, the results generalize those given by Charak and Rieppo, Xu and Cao. As applications, we study a problem related to R. Brück's Conjecture and obtain a result that generalizes those given
Introduction and Main Results
Let denote the complex plane, and let f z be a nonconstant meromorphic function in . It is assumed that the reader is familiar with the standard notion used in the Nevanlinna value distribution theory such as the characteristic function T r, f , the proximity function m r, f , the counting function N r, f see, e.g., 1-4 , and S r, f denotes any quantity that satisfies the condition S r, f o T r, f as r → ∞ outside of a possible exceptional set of finite linear measure. A meromorphic function a z is called a small function with respect to f z , provided that T r, a S r, f . Let f z and g z be two nonconstant meromorphic functions. Let a z and b z be small functions of f z and g z . Let F be a family of meromorphic functions defined in a domain D ⊂ . F is said to be normal in D, in the sense of Montel, if for any sequence f n ∈ F, there exists a subsequence f n j such that f n j converges spherically locally uniformly in D, to a meromorphic function or ∞.
According to Bloch's principle, every condition which reduces a meromorphic function in to a constant makes a family of meromorphic functions in a domain D normal. Although the principle is false in general, many authors proved normality criteria for families of meromorphic functions starting from Picard type theorems, for instance.
Theorem A see 5 . Let n ≥ 5 be an integer, a, b ∈ and a / 0. If, for a meromorphic function f, f af n / b for all z ∈ , then f must be a constant.
Theorem B see 6, 7 . Let n ≥ 3 be an integer, a, b ∈ , a / 0, and let F, be a family of meromorphic functions in a domain D. If f af n / b for all f ∈ F, then F is a normal family.
In 2005, Lahiri 8 got a normality criterion as follows.
Theorem C. Let F be a family of meromorphic functions in a complex domain
If there exists a positive constant M such that |f z | ≥ M for all f ∈ F whenever z ∈ E f , then F is a normal family. 
If there exists a positive constant 
, and put
If there exists a positive constant M such that |f z | ≥ M for all f ∈ F whenever z ∈ E f , then F is a normal family.
Theorem G. Let F be a family of meromorphic functions in a complex domain D, all of whose zeros have multiplicity at least
k. Let a, b ∈ such that a / 0. Let m 1 ≥ 2, m 2 , n 1 , n 2 be positive integers such that m 1 n 2 m 2 n 1 ,
and put
To prove Theorems D-G, the authors used a key lemma Lemma 2.4 in this paper besides Zalcman-Pang's Lemma. It's natural to ask whether such normality criteria of Lahiri's type still hold for the general differential monomial M f, f , . . . , f k . We study this problem and obtain the following theorem.
Theorem 1.2. Let F be a family of meromorphic functions in a complex domain D, for every
As an application of Theorem 1.1, we obtain the following theorem. The following two lemmas can be seen as supplements of Lemma 2.4. Lemma 2.5. Take nonnegative integers n, n 1 , . . . , n k with n ≥ 1, n k ≥ 1 and define d n n 1 n 2 · · · n k . Let f be a transcendental meromorphic function whose zeros have multiplicity at least k. Then for any nonzero value c, the function f n f n 1 · · · f k n k − c has infinitely many zeros, provided that n 1 n 2 · · · n k−1 ≥ 1 and k / 2 when n 1. Specially, if f is transcendental entire, the function f n f n 1 · · · f k n k − c has infinitely many zeros. If n 1 n 2 · · · n k−1 ≥ 1 and if n ≥ 2, we immediately get the conclusion from Lemma 2.4. Next we consider the case n 1.
Let Ψ f n f n 1 · · · f k n k . Using the proof of Lemma 2.4 see 13, page 161-163 , we obtain
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Suppose that z 0 is a zero of f of multiplicity p ≥ k , then z 0 is a zero of Ψ of multiplicity dp − Σ k j 1 jn j , and thus is a pole of Ψ − c /Ψ of multiplicity dp − Σ k j 1 jn j − 1. Thereby, from 2.1 we get
2.2
Note that n 1, we deduce from 2.2 that
If k 1, then Ψ f n f n 1 ; this case has been proved as mentioned above see [13] [14] [15] [16] .
If f is a transcendental entire function, we only need to consider the case k ≥ 2. Note that see Hu et al. 21 , page 67
With similar discussion as above, we obtain
In view of n ≥ 1 and k ≥ 2, we get n k−1 j 1 k − j n j − 1 /k > 0, thus we immediately obtain the conclusion. This completes the proof of Lemma 2.5. Lemma 2.6. Take nonnegative integers n, n 1 , . . . , n k , k with n ≥ 1, n k ≥ 1, k ≥ 1 and define d n n 1 n 2 · · · n k . Let f be a nonconstant rational function whose zeros have multiplicity at least k. Then for any nonzero value c, the function f n f n 1 · · · f k n k − c has at least one finite zero.
Proof. Since the case k 1 has been proved by Charak and Rieppo 9 , we only need to consider k ≥ 2.
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Suppose that f n f n 1 · · · f k n k − c has no zero.
Case 1.
If f is a nonconstant polynomial, since the zeros of f have multiplicity at least k, we know that f n f n 1 · · · f k n k is also a nonconstant polynomial, so f n f n 1 · · · f k n k − c has at least one zero, which contradicts our assumption.
Case 2.
If f is a nonconstant rational function but not a polynomial. Set
where A is a nonzero constant and
Then by mathematical induction, we get
where
. . , c 0 are constants and
It is easily obtained that
Combining 2.6 and 2.7 yields
If g 1 is a constant, then we get M N.
2.12
If g k is a constant, then we get
which implies k 1, a contradiction with the assumption k ≥ 2.
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Then from 2.11 , we obtain
2.14
where h z is a polynomial with s t
, we obtain from 2.11 that
where B is a nonzero constant. Then
where H z is a polynomial with deg H t − 1. From 2.14 and 2.16 , we deduce that 
which is a contradiction since n ≥ 1. Hence f n f n 1 · · · f k n k − c has at least one finite zero.
This proves Lemma 2.6.
Remark 2.7. Lemma 2.6 is a generalization of Lemma 2.2 in 10 . The proof of Lemma 2.6 is quite different from its proof. Actually, the proof of Lemma 2.2 in 10 is incorrect. The main problem appears at 2.2 in 10 . Since f has only zero with multiplicity at least k, then each zero of f n is of multiplicity at least nk, but this does not mean that each zero of f n f k m is of multiplicity at least nk because the zeros of f k may not be the zeros of f, and thus their multiplicity may less than nk. Therefore, the inequality of 2.2 in 10 is not valid, which implies that the proof of Lemma 2.2 in 10 is not correct.
, m/n m j /n j for all positive integers m j and n j , 1 ≤ j ≤ k . Let f be a meromorphic function in ; all zeros of f have multiplicity at least k. Define
2.20
Then Φ z has a finite zero.
Proof. The algebraic complex equation 
Proof of Theorem 1.1
Without loss of generality, we may assume D Δ {z : |z| < 1}. Suppose that F is not normal at z 0 ∈ D. By Lemma 2.1, for 0 ≤ α < k, there exist r < 1, z j ∈ Δ such that z j → z 0 , f j ∈ F and ρ j → 0 such that g j ξ ρ 
